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Problem 1 Let {a,}52, be a sequence given recursively by ag = 1 and

Tan + \/45a2 — 36
2 b

Ap41 = n=20,1,...

Show that the following statements hold for all positive integers n:
a) ay is a positive integer.

b) anany1 — 1 is the square of an integer.
[Stefan Gyiirki / Matej Bel University, Banskéa Bystrica]

Solution

(a) By simple counting a; = 5. Since 2a,,4+1 — 7a, = y/45a2 — 36 > 0, the sequence {a,, } is strictly increasing.
From the last equation we have:

a2, 1 — Tapapi1 + a2 +9=10 (1)
ai —Tap-1a, + aiq +9=0.
Thus, by taking the difference of these equations we get
Gpt1 = 1Ay — Qp—1
proving that a,, is always a positive integer.

(b) From (1) we get (an41 + an)? = 9(anant+1 — 1), hence

2
p + Apt1
Apne1 — 1= #

We already know that a,, and a,,41 are positive integers, therefore (a,, + an,+1)/3 is rational and its square
is apany1 — 1 is a positive integer. Thus, (a, + an+1)/3 is also a positive integer and anan+1 — 1 is a
square.

a
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Problem 2 A triplet of polynomials u,v,w € R[z,y, 2] is called smart if there exist polynomials
P,Q, R € Rz, y, 2] such that the following polynomial identity holds:

w201 p 4 20190 4 2019 R — 9019 .
a) Is the triplet of polynomials
u=z+2y+3, v=y+z2z+2, w=x+y+=z
smart?

b) Is the triplet of polynomials
u=x4+2y+3, v=y+z2+2, w=z+y—=z

smart?
[Artturas Dubickas / Vilnius University]
Solution The answer is: a) no; b) yes.
In case a) the polynomials u,v,w are all equal to zero at x = 2, y = —5/2 and z = 1/2. This leads to
0 = 2019, which is absurd.
In case b) we have u — v — w = 1. Consider the nth power of this identity with some n > 3 - 2018 + 1:

nl(—1)n2tns
(u—v—w)" = E %u"lunzwnc“ =1.
ni+nz+nz=n 1:7e21es

By the choice of n, in each term of the sum at least one power n; is greater than or equal to 2019. (It can be
several n; with this property.) We can thus rewrite the above identity in the form

w2019 P 4 20190) L 2019 —

with some P, Q, R € Z[z,y, z]. (The choice of P,Q, R is not unique.) Multiplying it by 2019 we conclude that
the triplet (u,v,w) is useful. a



The 29** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 29" March 2019
Category 1

Problem 3 For an invertible n X n matrix M with integer entries we define a sequence Syy = {M;}.-, by the
recurrence
My =M
My = (MEY"*M;,  i=0,1,...

Find the smallest integer n > 2 for which there exists a normal n x n matrix M with integer entries such that
its sequence Sy is non-constant and has period P =7, i.e., M; 7 = M, for alli =0,1,...
(MT means the transpose of a matrix M. A square matrix M is called normal if MTM = M M7 holds.)

[Martin Niepel / Comenius University, Bratislava]

Solution For a normal square matrix M, we have its Schur decomposition M = UDU™*, where U is unitary

and D is diagonal with eigenvalues of M on the diagonal. It follows, that if M; = UD,U* then M;;, =

U (D} )71 D;U*. So we can pass to eigenvalues and investigate periodic behavior of complex sequences given by

the recurrence \j11 = A;/ i Consequently,

211.71
_ X
n T Jon—-1°
)\0

Clearly, |A\;| =1 for ¢ > 1, and if we require Ap = \g, we arrive at the equation Ay = )\%P, so every eigenvalue
Ao of M has to be (2 — 1)t root of unity.

Since all eigenvalues of M satisfy |A\| = 1 and M is normal, M has to be unitary. The matrix M satisfies
M2l =1 , as well. Matrix M can not have all eigenvalues equal to 1, it would imply M = I, and the period
would be 1 in that case. Hence, it has at least one primitive (27 — 1) root of unity as an eigenvalue and 2 — 1
is its multiplicative order.

The only unitary matrices with integer coeficients are signed permutiation matrices (i.e. matrices with
exactly one +1 in every row and colummn, all other entries being zero). The order of a nxn signed permutatation
matrix equals the order of the underlying permutation matrix or its double, and therefore has to be a divisor
of 2n! — double of the order of a symmetric group S,. Since 27 — 1 is a prime, it follows that n > 2 — 1.

For n = 2 — 1 such matrices, indeed, do exist, take a matrix of an action of a cyclic permutation on R27-1
given by e; +> ;41 fori =1,2,...,2F — 2 and eyr_; > e1. O
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Problem 4 Determine the largest constant K > 0 such that

a®(b® +c?)  b(c? +a?) n c“(a? + b?) S K a+b+c\’
(a* —1)2 (b0 —1)2 (cc—1)2 — abe — 1
holds for all positive real numbers a, b, ¢ such that ab + bc + ca = abc.
[Orif Ibrogimov / Czech Technical University of Prague]

Solution We show that the answer is K = 18 and that the equality holds if and only if a = b = ¢ = 3. In view
of the hypothesis of the problem, we deduce from

(1 1)2+<1 1>2+(1 1)2>0
a b b ¢ c al — 7
that abc > 3(a+b+c). This and the elementary inequalities a + b2 > 2ab, b? +c? > 2bc, ¢ +a? > 2ca complete

the proof if we show that

aa—l bb—l Cc—l abe

> .
@ —12 W12 (=12 " (@17
For z € (0,1), by differentiating both sides of the identity ﬁ = ZE‘LO z¥, we get the well-known identity

1—3: ka

We use this identity for = € {a=?,b7° ¢~ ¢}. Since % + % + % = 1 by the hypothesis, using Young’s inequality,
we thus obtain

a—1 —bk k 0

a 1 c ¢ e abc
Z(a“—l)QZZ (1—a-2)2 Zk( + b + c )ZZka b ka:(abc—l)Q'

It is easy to see that the equality holds if and only if a = b= ¢ = 3. O



