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Problem 1 Find all real solutions of the equation
177 + 2% = 11% 4 2%,

[10 points]

Solution Let us rewrite the equation as
17% — 117 = 8% — 2%,

It’s easy to see that x = 0 is a solution. Fix x € R\ {0} and suppose that it is a solution to our problem.
Consider the function f(t) = ¢t*. By the mean value theorem applied on the interval [2, 8] there is ¢; € (2,8)
such that

6f'(t1) = f(8) — f(2) =8" —2".

Again — by the mean value theorem on [11,17] we get
6f'(t2) = fF(17) — f(11) = 17° — 117,

Since zx is a solution, we have
6f'(t1) = 6f'(t2).

Since x # 0 we have
6rt] ' =6ty = 7 =t

and (tl/tg)’”_l = 1. Therefore x = 1, since t; < t3, and it’s easy to check that it is also a solution. O
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Problem 2 Let n be a positive integer and let a; < as < --- < a,, be real numbers such that
ar+2as +---+na, =0.

Prove that
ar[z] + ax[2z] 4+ - - + ap[nz] >0

for every real number x. (Here [t] denotes the integer satisfying [t] <t < [t] + 1.) [10 points]

Solution We proceed by induction on n. For n = 1 the condition forces a; = 0 and the statement becomes
trivial.

Suppose that the statement is true for some n and take m 4+ 1 numbers a1 < ... < a,41 statisfying the
constraints. Notice that a,,+1 > 0 due to the ordering.

2an+1

Fori=1,...,n,let b, =a; + . These numbers are ordered in increasing order, and

n+1

iibi:i<ai+ 2an+1> Zm’ 1—|—2—|— n)ap+1 = Zzal—o
i=1

i=1

By the induction hypothesis,

n n

0> bilia) = 3 ailia) + ania %Z[m].

i=1 i=1

Applying [iz] + [(n+1—4)z] < [(n + 1)z] in the last sum, we conclude that

= lizg) < [(n+1)z].

Due to a,+1 > 0, we get
n+1

O<Zalzx ]+ ant1 - sz <Za2m
=1

=1
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Problem 3 In R? some n points are coloured. In every step, if four coloured points lie on the same line, Vojtéch
can colour any other point on this line. He observes that he can colour any point P € R? in a finite number
of steps (possibly depending on P). Find the minimal value of n for which this could happen. [10 points]

Solution Answer: for n = (g) = 20.

Example for 20 points: take any 6 planes «;, 1 < ¢ < 6, in general position and mark their triple intersections.
Then all points on the lines o; N a; may be marked. Any point P in the plane o; may be marked too: draw
a line through P in general position, it meets five lines a; N «;,j # ¢, in five points which may be marked.
It remains do the same with arbitrary point P in the space: draw a line through P, which meets a;’s in six
markable points.

Assume that n < 19. Then there exists a non-zero polynomial p(z,y,z) of degree at most 3 such that
p(A) = 0 for all marked points. Indeed, the space of such polynomials has dimension 20 > 19. Note that
this property hold true for all points which we may mark: if p(A;) = 0 for different points A, A, A3, A4 on

a line, then p(z) = 0 on the whole line cause of degp < 3. Therefore we can not mark a point B for which
p(B) # 0. O
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Problem 4 Compute the integral

1—e\2 o .
//(e> e Y’ dxdy.
Ty
R2
Solution Define the parametric integral

- 2 —ow -2
- [ e [
x x
R2 Y R2 Y

we have to compute F(1).

In order to get rid of (zy)? in the denominator, it is natural do differentate F twice. We will compute F”(p),
F'(p) and F(p) for o € [0,1) and then take the limit of F' at 1.

For zy #0and 0 < p < 1 let

1 — 2e~9%Y 4 g—207y 22
flo,z,y) = EE eV, so Flo //f (0,7,y) dzdy,

[10 points]

0 2e~0%Y _ Qp—20%y 22
f1(9,x,y)=afgf(9,x,y)= p” e”® 7Y and F1(9)=//f1(9,9:,y) dxdy
2

and
82

Falo.9) = S (0.0,) = (2272 420" and Py / Falo,2,) dudy,
Notice that for 0 < p <1 — ¢, f5 can be dominated as

| fa(0,2,9)| < Ge2eloyl—a®—y? _ geme(@—v)’~(1-0) (@’ +v%) < ge—e(@+y?)
where the dominant function 6e~(**+¥") has a finite integral; due to f(0,z,y) = f1 (0 z,y), we can obtain
the same dominating function for f; and f. This shows that Fy is continuous, Fj(p fo fa(t, z,y)dt and

= fo f1(t,z,y)dt for o < 1, so indeed Fy; = F’ and F; = F].
NOW we compute

2 1—2e 9% —2Zozy 22 22
] () i [ sty
R2 R?

// 6—12—21590.1/—1/2 dedy = // e—(w+ty)2—(1—t2)y2 dzdy = /OO e—uzdu/ —(1-t)y? dy = \f \f _ d ’
R2 R2 — 00 —00 1 - tQ \/1 - t2

and similarly
// o r2—tey—y® dady = L’
R2 1- 2

4

SO

Fy(o) =

\/1—t2_ \/1_;

0
Fi(o) = / Fy(t) dt = 4 arcsin p — 4w arcsin g
0

From F;(0) =0, we get



Then by F(0) = 0 and integrating by parts,
) 0
F(o) = / Fi(t)dt= 47T/ (arcsin(t) - arcsin(t/2)> dt =
0 0

= 4 | [tarcsin(t)]s — — [tarcsin(t/2)]5

e t
/0 Nk /0 QF
:47r(garcsin(g)+ 1— 0% — parcsin(p/2) — /4 — o —|—1>

Now we show that’ F is continuous at 1 — 0. .
The function £=¢— is bounded for |u| < 1, so in the domain |zy| < 1 we have f(0,z,y) < Cre™" ~¥';
In the domain |x\ > 1, ly| > 1 we have

1+ eclzyl\ 2 2elzul\ 2
flo,z,y) < (+e > oY’ < ( € > e—2lzyl C .

|zy| |zy| |lzy?

In the domain |zy| > 1, |z] < 1 we have
flo,z,y) < (1+e9ly|) eV < Cye (W=7
and similary, for |zy| > 1, |y| <1 we have
flo,x,y) < C'Bef(lav\%)2

These bounds together provide an integrable dominant function for f, so F'(p) is continuous in [0, 1].
Finally,
. 1 472
F(1)= lim F(p)=4n (arcsinl —arcsin o — V3+1) = 3 —4(V/3 = 1)m.

o—1—-0



