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Problem 1 Let a, b and c be positive real numbers such that a+ b+ c = 1. Show that(
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[10 points]

Problem 2 Let X be a set and let P(X) be the set of all subsets of X. Let µ : P(X)→ P(X) be a map with
the property that µ(A∪B) = µ(A)∪µ(B) whenever A and B are disjoint subsets of X. Prove that there exists
a set F ⊂ X such that µ(F ) = F . [10 points]

Problem 3 For n ≥ 3 find the eigenvalues (with their multiplicities) of the n× n matrix

1 0 1 0 0 0 . . . . . . 0 0
0 2 0 1 0 0 . . . . . . 0 0
1 0 2 0 1 0 . . . . . . 0 0
0 1 0 2 0 1 . . . . . . 0 0
0 0 1 0 2 0 . . . . . . 0 0
0 0 0 1 0 2 . . . . . . 0 0
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0 0 0 0 0 0 . . . . . . 2 0
0 0 0 0 0 0 . . . . . . 0 1


.

[10 points]

Problem 4 Let f : [0,∞)→ R be a continuously differentiable function satisfying

f(x) =

∫ x

x−1
f(t) dt

for all x ≥ 1. Show that f has bounded variation on [1,∞), i.e.∫ ∞
1

|f ′(x)|dx <∞ .

[10 points]
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