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Problem 1. Let S0 = {z ∈ C : |z| = 1, z 6= −1} and f(z) = Im z/(1 + Re z).
Prove that f is a bijection between S0 and R. Find f−1. [10 points]

Problem 2. Let f : A3 → A where A is a nonempty set and f satisfies:

(a) for all x, y ∈ A, f(x, y, y) = x = f(y, y, x) and

(b) for all x1, x2, x3, y1, y2, y3, z1, z2, z3 ∈ A,

f
(
f(x1, x2, x3), f(y1, y2, y3), f(z1, z2, z3)

)
=

= f
(
f(x1, y1, z1), f(x2, y2, z2), f(x3, y3, z3)

)
.

Prove that for an arbitrary fixed a ∈ A, the operation x + y = f(x, a, y) is an
Abelian group addition. [10 points]

Problem 3. Find all reals λ for which there is a nonzero polynomial P with
real coefficients such that

P (1) + P (3) + P (5) + · · ·+ P (2n− 1)
n

= λP (n)

for all positive integers n, and find all such polynomials for λ = 2. [10 points]

Problem 4. Let (xn)n≥2 be a sequence of real numbers such that x2 > 0 and
xn+1 = −1 + n

√
1 + nxn for n ≥ 2. Find

(a) lim
n→∞

xn ,

(b) lim
n→∞

nxn .

[10 points]


