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Problem 1. Are the groups (Q,+) and (Q+, ·) isomorphic? (The
symbol Q+ denotes the set of all positive rational numbers.)

[10 points]

Problem 2. Find all functions f : R+
0 × R+

0 → R+
0 such that

1. f(x, 0) = f(0, x) = x for all x ∈ R+
0 ,

2. f(f(x, y), z) = f(x, f(y, z)) for all x, y, z ∈ R+
0 and

3. there exists a real k such that f(x + y, x + z) = kx + f(y, z)
for all x, y, z ∈ R+

0 .
(The symbol R+

0 denotes the set of all non-negative real numbers.)
[10 points]

Problem 3. Let
∑∞

n=1 an be a divergent series with positive non-
increasing terms. Prove that the series

∞∑
n=1

an

1 + nan

diverges. [10 points]

Problem 4. Let f : R → R be an infinitely differentiable function.
Assume that for every x ∈ R there is an n ∈ N (depending on x) such
that

f (n)(x) = 0 .

Prove that f is a polynomial. [10 points]


