Problem j12-1-1/j12-I-4. Differentiable functions fi,..., fn: R — R are linearly indepen-
dent. Prove that there exist at least n — 1 linearly independent functions among fi, ..., f1.
(Eotvos Lorand University, Budapest)

Solution. Select a maximal independent set from the derivatives. Without loss of

generality, it can be assumed that this set is f1,..., f/ , where m < n. If m < n — 2, then
fI_1 and f/ can be expressed as a linear combination of fi,..., f/ ; hence, there exist real
numbers ai,...,dmy, b1,...,b,, such that

m m 4

Zaifi/ —fo1= (Z aifi — fn1> =0

i=1 1=1
and

S obifl—fr= <Zbifi - fn> =0.
1=1 i=1

This implies that functions >\, a; f; — fn—1 and >, b; f; — f, are constant. Eliminating
these constants, a linear combination of f1,..., f, is found which vanishes. 0O
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Problem j12-1-2/j12-1-9. Let p > 3 be a prime number and n = 222*1. Show that
n divides 2™ — 2. (Jagiellonian University in Krakéw)

Solution. n = 22;—_1 = 4P=144P=24 ... 41, Hence, in the binary system, n = 1010...101
(number of 1’s is p). Therefore, in the binary system,

(%) 2" —2=1111...110 (number of 1’s is n — 1),
(%) 3n=1111...111 (number of 1’s is 2p).

Now if we prove that 2p divides n — 1, then by (x), (**) and by the rules of multiplication
in the binary system, we will get that 3n divides 2" — 2 — just what we need. But now

observe:
2p|(n—1) <= (nisoddf) <= p|(n—1) <

22 1 22P — 4
<:>p‘ 3 -1 <:>p’ 3 <—

< (p>3and prime) < p| (2% —4) <

22P — 4
<= (p > 3 and prime) <:>p‘< 1 > —

— p| (2% -1).
But now from Fermat’s small theorem (p prime and p does not divide a, then a?~% — 1

(mod p)), we have 2°~1 = 1 (mod p), hence (2P~1)? = 12 (mod p) and finally 2272
(mod p). O

1 The sentences in parentheses serve only as justifications of the stated equivalences here.
Thus, e.g., 2p| (n—1) & (nisodd) < p| (n—1) should be read as “2p divides (n — 1) if
and only if p divides (n — 1) because n is odd” and so on.
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Problem j12-1-3/j12-11-59. Positive numbers 1, ..., x, satisfy

Lo L
1+.§Cl 1—|—$2 1+£Cn

=1 (1)

Prove that

\/3T1+\/972+~--+\/E2(n—1)(\/%+\/%+m+ \/%)

(University of Ostrava)

Solution. It is sufficient to prove that

(e gm) (e m) e m) e m )

or equivalently (see (1))

(1+x1+ +1+xn>< Lot )> < PR S > @)
.. DRI n —_— —_— .. .
x1 /Ty 1+ 2 1+2,/) — e /o /Tn
Consider the function f(z) = z + —= = £, z € (0,400). It is easy to check that the

Vo T VT
function f is non-decreasing on [1,400) and that

fla)=f(1) (3)

holds for each 2 > 0.
Further, it follows from (1) that only 27 can be less than 1 (i.e. xp > 1, k = 2,3,...)

1 _ 1 _ _T1
and TTas <1 7o = o Hence

1
> — 4

T2 =2 1 (4)
(a contradiction otherwise). It is now apparent directly (if 1 > 1) or from (3) and (4) (if
x1 < 1) that

fle) = f(55) < fla2) < - < flan).
Ve
the well-known Chebyshev’s inequality since the sequence {ﬁ }Zzl is decreasing.
The equality in (2) holds if and only if

This means that the sequence { }k is non-decreasing. Thus (2) holds according to
=1

1 1 1 14z 1+ 14z,
= = e e e or = = e e e s
1+ 2 1+ 29 1+, /1 /o /Tn
which implies ;1 = 29 = -+ = z,,. Then we obtain from (1) that x1 = 29 = -+ =z, =

n—1 04
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Problem j12-1-4/j12-1-5. The numbers 1, 2, ..., n are assigned to the vertices of a regular

n-gon in an arbitrary order. For each edge compute the product of the two numbers at the

endpoints and sum up these products. What is the smallest possible value of this sum?
(Babes-Bolyai University, Cluj-Napoca)

Solution. Due to the (a—b)? = a® —2ab+b? identity, it is sufficient to find the maximum

of the sum
n

S (olk+1) —a(k)’

k=1

where o (k) denotes the number from the k" vertex and o(n + 1) = o(1). We will give an
inductive algorithm to find an optimal arrangement and so we can find the maximal sum
(or the minimal for the initial problem). Suppose we have an arbitrary arrangement with n
numbers and construct an arrangement with n + 2 numbers in the following way:

e Find the maximum of |o(k + 1) — o(k)|. For such a k, denote # = min{o(k +1),0(k)}
and y = max{o(k +1),0(k)}.

e Increase each number by 1.

e Insert the numbers 1 and n + 2 as in figure 1.

If we denote by s,t2 and s, the corresponding distance sums, we have:

anrg:sn—(ac—y)g-i-((n—i—l)—gc)2+(n—|—1)2+y2
=5, +2(n+1)% + 22y — 22 — 2na.

On the other hand, from the obvious inequalities x > 1 and n + 1 —y > 1, we have
z(n+ 1 —1y) > 1 and this implies 22y — 22 — 2nz < —2. Hence

Spte = Sn +2(n+1)% — 2n = 2n(n + 2).

If y,, is the maximal sum, we have y,+2 = y, + 2n(n+ 2) (because for n = 3 in the maximal
arrangement # = 1, y = 3 and in each step the maximal distance |o(k + 1) — o(k)| occurs
at x =1 and y =n). For n = 2 and n = 3, we have y» = 2 and y3 = 6 so from the obtained
recurrence relation we can deduce y2, =2+ §(n — 1)n(n + 1) and thus

23 i1 K2 —yon _ 4n® 4+ 6n® +5n—3
2 3

Ton =

where x,, denotes the minimal sum for the initial problem. Analogously we have

An® +12n% + 14n + 3
3 .

Toan+1 =

For n € {6, 7, 8, 9, 10}, we have illustrated the optimal arrangements on figures 2, 3, 4, 5
(in the exterior we have written the arrangement’s numbers, inside the circle the product of
any two adjacent number and in the inside circle the sum of these products).

Remark. For p > 1, the above arrangements will give the maximum of the sum
Sr_i(o(k+1) —o(k))”, and this can be proved by the same method using the inequality

m+1)P+n+1—-a)P+yP —(y—2)’ <nP 4+ (n+ )P +nP — (n—1)P.
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Figure 4 Figure 5
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Problem j12-II-1/j12-11-56. Find all complex solutions of the system

(a+ic)® + (ia + b)> + (=b+1ic)* = -6,
(a+ic)® + (ia + b)* + (=b+ic)* =6,
(I1+i)a+2ic=0.

(P. J. Safarik University in Kosice)
Solution. Let us notice that the third equation can be written as
(a+1ic) + (ia +b) + (—=b+1ic) = 0;
that is why a natural substitution is
T = a+ic, y=1ia+0, z=—b+ic.

Then, our system is )
2 +yP+ 2% =6
?+y +2°=6
z +y +z =0

Using symmetric polynomials, we get
T+Yy+z=o0y,
2+ 2% = (r+y+2)? 2@y +yz+az) =o0r — 209,
Pyt = (e y+2)°® 3wy +yz+az)(x+y+2) +3wyz = o) — 30102 + 303.
It is a well-known fact that x, y, z must be roots of the cubic polynomial
f(t) =13 — 01t? 4 oot — 03.
Since o1 = 0, J% — 209 = 6, 0? — 30109 + 303 = —6, we have
o1 =0, oy = —3, o3 = —2.

Rational roots of the polynomial f(t) = t3 — 3t 4+ 2 can only be from the set {—2,—1,1,2}.
Trying these, it turns out that t = 1 and ¢t = —2 are roots. Decomposition of the polynomial
then reveals that 1 is a double root.

Thus, we have

(z,y,2) € {(1,1,-2),(1,-2,1),(-2,1,1) }.

Returning back, we solve the system

a +ic=zx
ia+b =y
—-b+ic=z
Its determinant is
1 0 i
Al=]i 1 0|=i+1+#0,
0 -1 1

so for each (z,y, z) there is exactly one solution. It is easy to get the inverse matrix:
1 141 —-1—-1 —1-i
A—lz5 1—i 141 —1+i
—1-i 1—i 1—i
Multiplying this matrix by the vectors (z,y, z) gives three solutions (a, b, ¢):
(1+1,2—1i,-1), (1+i,-1—1i,—1),  (=2—2i,—1+2i,2).

One can easily verify that all three satisfy the system. O
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Problem j12-11-2/j12-11-52. A ring R (not necessarily commutative) contains at least
one zero divisor and the number of zero divisors is finite. Prove that R is finite.
(E6tvos Lordand University, Budapest)

Solution. Let m be the number of zero divisors and u,v € R two non-zero elements such
that uv = 0.

We generate more zero divisors in the following way. For an arbitrary x € R, the element
xu is either 0 or also a zero divisor, since (zu)v = z(uv) = 0.1

If zu = yu for some different elements x,y € R, then (z —y)u = 0, and x — y is a zero
divisor. This implies that 0 or an arbitrary zero divisor can be obtained at most m + 1 times
in the form zu.I

Thus, each of 0 and the m zero divisors is obtained at most m times and the number of
elements of R cannot exceed (m +1)2. O

1 The set {xu;x € R} is finite, its cardinality being < m + 1.

1 Define an equivalence relation: x ~ y iff zu = yu. In each class of equivalence, there
are (m + 1) elements at most. Finally, the number of the classes of equivalence is equal to
the cardinality of the set {zu;x € R}, which is finite.
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Problem j12-11-3/j12-11-53. Let E be the set of all continuous functions u:[0,1] — R
satisfying

u?(t) < 1+4/ts}u(s)|ds, vt € [0,1].
0

Let ¢p: E — R be defined by

p(u) = /0 (v?(z) — u(z)) d.

Prove that ¢ has a maximum value and find it. (Babes-Bolyai University, Cluj-Napoca)
Solution. Let .
u(t) =1 +4/ slu(s)|ds, Vvt e [0,1].
0

We have
t
V' (t) = dtfu(t)| < 4t\/1 + 4/ s|u(s)| ds < 4ty/v(t)
0
50 t 1 t
Vo(t)—1= v'(s) ds < [ 2sds =1t?
0 24/v(s) 0
therefore

lu(®)| < Volt) < +1.
If we consider ¢, we have
[u?(t) — u(t)] = |u(®)|Ju(t) — 1] < (£ + 1)(¢* +2),

16

p(u)] < /Ol\u%)—u(t)!dts/01<t2+1)(t2+2)dt= 5

Equality can be achieved if
lu(t)| =t +1 and lu(t) —1| = * + 2.

This is the case of u(t) = —t? — 1, which belongs to E. [
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Problem j12-11-4/j12-11-62. Prove that

2

1
lim nz(/ \"L/l—l—x"dx—l) = l.
0

n—00 12

(Sofia University St. Kliment Ohridski)
Solution. We will prove that

. , 1 . 00 (_1)1@71 2
lim n V1+azrde —1 :27:
0

n—00 k2 12°
k=1

Let a, = n? (fol YT+ a"de —1). It is widely known that (1 +)* = 3.7 ($)t* for
any t € [0,1] and a € (0,1). Moreover, |({)t*| = (=1)F71(2)tF and |({)t*| > |(§)t*T!] for
k>1,t>0and a € (0,1). Thus, the following inequalities hold:

2p a 2p+1 o
k « k
Z(k>t <A+ <y (k>t .
k=0 k=0

Let us put t = 2™ and o = % Integrating on [0, 1], we obtain

2p 1 2p+1
1/n 1 1/n 1
< [ Vi+ande< :
kz_:o(k:)nkz—i—l_/o e x_k_o(kz)nk—i—l

Hence,

2p
1/n 1 1/n 1
0<a,—n’ < n? . —
= "Z_:<k>nk+1—”(2p+1)n(2p+1)+1

A simple calculation gives the following estimation:

2( 1/n> 1 1
n < .
2p+1/n(2p+1)+1 ~ (2p+1)?

Consequently, as n tends to infinity,

n—oo

. 22 (—1)k 1
0 < limsup| a, — Z 2 < 1)

and

2 (1t !
< limi - < .
O—szﬂﬁgf(an 2 >—<2p+1>2

k=1

Letting p — oo, we obtain the desired result. [J
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