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Problem 1. Let n ≥ 2 be an integer and let x1, x2, . . . , xn be real
numbers. Consider N =

(
n
2

)
sums xi +xj , 1 ≤ i < j ≤ n, and denote

them by y1, y2, . . . , yN (in an arbitrary order). For which n are the
numbers x1, x2, . . . , xn uniquely determined by the numbers y1, y2,
. . . , yN? [10 points]

Problem 2. Let f : [0, 1] → R be a continuous function. Define a
sequence of functions fn: [0, 1]→ R in the following way:

f0(x) = f(x) , fn+1(x) =
∫ x

0

fn(t) dt , n = 0, 1, 2, . . . .

Prove that if fn(1) = 0 for all n, then f(x) ≡ 0. [10 points]

Problem 3. Let f : (0,+∞) → (0,+∞) be a decreasing function
which satisfies

∫∞
0

f(x) dx < +∞. Prove that limx→+∞ xf(x) = 0.
[10 points]

Problem 4. Let R be an associative non-commutative ring and let
n > 2 be a fixed natural number. Assume that xn = x for all x ∈ R.
Prove that xyn−1 = yn−1x holds for all x, y ∈ R. [10 points]


