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Problem 1. Let p be a prime of the form p = 4n − 1 where n is a
positive integer. Prove that

p∏
k=1

(k2 + 1) ≡ 4 (mod p) .

[10 points]

Problem 2. If we write the sequence AAABABBB along the perime-
ter of a circle, then every word of the length 3 consisting of letters
A and B (i.e. AAA, AAB, ABA, BAB, ABB, BBB, BBA, BAA) occurs
exactly once on the perimeter. Decide whether it is possible to write
a sequence of letters from a k-element alphabet along the perimeter of
a circle in such a way that every word of the length l (i.e. an ordered
l-tuple of letters) occurs exactly once on the perimeter. [10 points]

Problem 3. Let m, n be positive integers and let x ∈ [0, 1]. Prove
that

(1− xn)m +
(
1− (1− x)m

)n ≥ 1 .

[10 points]

Problem 4. Let B be a family of open balls in Rn and c < λ
(⋃

B
)

where λ is the n-dimensional Lebesgue measure. Show that there
exists a finite family of pairwise disjoint balls {Ui}k

i=1 ⊆ B such that

k∑
j=1

λ(Uj) >
c

3n
.

[10 points]


